Tuning and stabilising topological states, such as Weyl semimetals, Dirac semimetals, or topological insulators, is emerging as one of the major topics in materials science. Periodic driving of many-body systems offers a platform to design Floquet states of matter with tunable electronic properties on ultrafast time scales. Here we show by first principles calculations how femtosecond laser pulses with circularly polarised light can be used to switch between Weyl semimetal, Dirac semimetal, and topological insulator states in a prototypical 3D Dirac material, Na 3 Bi. Our findings are general and apply to any 3D Dirac semimetal. We discuss the concept of time-dependent bands and steering of Floquet-Weyl points (Floquet-WPs), and demonstrate how light can enhance topological protection against lattice perturbations. Our work has potential practical implications for the ultrafast switching of materials properties, like optical band gaps or anomalous magnetoresistance. Moreover, we introduce Floquet time-dependent density functional theory (Floquet-TDDFT) as a general and robust first principles method for predictive Floquet engineering of topological states of matter.
I. INTRODUCTION
Creating and controlling phases of matter is a central goal of condensed matter physics.
Recent advances in ultrafast spectroscopy
1,2 open a route towards engineering new phases with pump laser fields acting on a solid to form emergent light-matter coupled states. As an example, circularly polarised light has been shown to open a band gap and produce Floquet-Bloch states on the surface of an equilibrium topological insulator 3, 4 , and form a Floquet-Chern insulating state in graphene in the limit of continuous driving 5, 6 and for finite pulse durations 7 . The discovery of topological states in Dirac materials has triggered a lot of interest in particular in emergent Dirac 8 , Weyl 9 , and Majorana fermions 10, 11 . Topological states of matter are controlled by symmetries [12] [13] [14] [40] [41] [42] [43] . WPs can alternatively be viewed as magnetic monopoles in momentum space with positive or negative chiral charges, and host non-zero Chern numbers for some closed momentum space surfaces 13, 14 .
The topological protection of massless fermions in a Weyl semimetal against weak perturbations is controlled by the WP splitting in the Brillouin zone 44 , since the chiral WPs can only be destroyed by chirality mixing, which requires two opposite-chirality WPs to meet 26 . The massless fermions in a Dirac semimetal, by contrast, require additional crystal symmetries to be stable, and are destroyed for instance by breaking rotational symmetry 17 .
Here, we propose a route towards ultrafast Floquet engineering of laser-induced topologically stable WPs starting from the 3D Dirac semimetal Na 3 Bi by ab initio electronic structure calculations using time-dependent density functional theory (TDDFT) 45, 46 . We show that a Hamiltonian H(t) = H(k − A(t)) describes the dynamics of the driven model system. From here on we suppress the momentum argument k for brevity.
After transient effects have decayed, the system is in a stationary but non-equilibrium state of light-matter coupling that is periodic in time. Such a state can be analysed by Floquet theory, where the time dependence is described by mapping to a Hilbert space of time-independent multi-photon Hamiltonians, each projected onto a multiple of the photon frequency, effectively a Fourier-Bloch decomposition:
where the integers m and n define the multi-photon Hilbert space (see Methods). This provides an interpretation of the time dependence in terms of time-independent multiphoton states with a well defined quasi-energy bandstructure, the Floquet bands. In the high-frequency limit one can decouple the zero-photon dressed states from the other states, amounting to a simple time-average, and add multi-photon states perturbatively 5, 48 ,
where H 00 is the zero order (cycle-averaged) Hamiltonian and H 0±1 are the single photon "dressed" Hamiltonians, c.f equation (2) . This Floquet downfolding has the advantage that one recovers the original Hilbert space of the electronic system and the resulting effective
HamiltonianĤ eff of this simple model retains an analytical form. Thus, for the the Dirac Hamiltonian, equation (1), and y-z circularly polarised light, the downfolded effective Floquet Hamiltonian readŝ
The effective gauge field acts on the the x-component of the wave vector and results in a shift in the position of each of the originally degenerate WPs by For a realistic description of the 3D-Dirac semimetal Na 3 Bi (see Fig. 1 ) and its insulating strained version under the influence of a periodic driving field, we use the first principles formalism of TDDFT [45] [46] [47] 49 . In this approach the electronic density is propagated in real time propagation, we find that the induced Hartree and exchange-correlation potentials do not play a crucial role for the effects described in this paper. Hence, the results are indeed generic.
However, we stress that for different setups and effects beyond the ones discussed here, electron-electron interactions or electron-phonon interactions may indeed become important and will be accounted for by our theoretical approach. The Floquet-TDDFT framework introduced here will equally well apply to these situations and many more.
In the picture of photon-dressed states, Floquet sidebands are created as replicas of the original bands, spaced by the photon energy and periodically repeated in quasi-energy, in an enhanced Hilbert space including multiphoton processes. In practice, these replicas will be observed if the sidebands are occupied 3,7 , but they do not influence the physics discussed in this paper, in contrast to a different recent proposal for emergent Floquet-Weyl points at sideband crossings 51 . Importantly, the main effect exploited in our work is due to offresonant photon absorption, which is why the photon frequency is a freely tunable parameter that allows one to move the Floquet sidebands, for instance if sidebands from other bands further away from the Fermi level happened to interfere with the Floquet-Weyl points. 
IV. STEERING FLOQUET-WEYL POINTS
In a pump-probe experiment there are two different time-scales at play, the time of the period of oscillation and the time of the modulation of the amplitude due to the shape of the pump-pulse. The pump duration is typically orders of magnitude longer than the oscillation of the field and hence the pulse shape has no effect on the formation of Floquet-Weyl points at any given time during the pumping. In our calculations we observe that the Floquet limit is reached after two cycles of the driving field, and thus this assumption holds even for relatively short pulses of 100 fs. However, the changing of the envelope amplitude over given by the probe pulse shape 7 . We also remark here that in principle further replicas of the dancing Floquet-WPs may be observed as an effect of Floquet sideband formation.
V. STRAIN
In all Dirac metals the doubly degenerate 3D Dirac point of the equilibrium phase of the material leaves the topology unstable under small lattice deformations. In Na 3 Bi, already a small strain breaks the rotational C 3 symmetry and leads to an opening of a gap due to chirality mixing and the formation of a topological insulator phase 17 , Fig. 4a . The FloquetWPs, however, are protected by conservation of chirality and afford the system topological protection. In fact, for an initially gapped system, the application of the driving field can lead to a restoration of the topology and the Floquet-Weyl semimetal phase. In Fig. 4b the progression from the strained gapped topological insulator phase to the Floquet-Weyl semimetal phase is shown as the amplitude of the driving field increases. The transition from one phase to the other occurs at a critical amplitude that characterises a phase boundary in a Floquet phase diagram, see Fig. 4c . We note that a related idea was used to drive a topological insulator into a Weyl semimetal phase in Ref. 52 .
Besides being a striking illustration of the power of topological protection this lightinduced phase transition might also be of technological relevance, because it facilitates lightcontrolled, ultrafast switching between an insulating and metallic phase. In particular when the driving field is circularly polarised in the x-y plane the topological insulator phase can be switched to a phase with non-trivial topological Fermi surfaces, possibly allowing for a technological exploitation of the exotic transport phenomena encountered in this phase 38, 39 .
VI. DISCUSSION
Our work demonstrates how topological properties in solids can be Floquet-engineered. 
for each , where the H mn is a static Hamiltonian
defined in the infinite Hilbert space of multi-photon (i.e. multiples of Ω) components. Thus
Floquet theory offers a way of analyzing periodically driven systems. In principle, the full description of the system requires the diagonalisation of the full Floquet-Hamiltonian while in practice one truncates the photon number depending on the problem at hand. In this work we found that the contributions of two-photon terms and beyond had a negligible effect on the bands considered here.
The motivation to perform Floquet analysis is to project the time dependence of the driven system to a static picture. While this is usually used to obtain an analytical ex- 
where T and V 0 are the kinetic energy and static potential, while the Hartree potential V H and the exchange and correlation potential V xc dynamically depend on the density n(t) during the time evolution. For extended systems we use the velocity gauge concept introduced in Ref. 47 to treat, within the dipole approximation, the response of extended periodic systems to an arbitrary time-dependent perturbation. Within the velocity gauge the external potential arises in the Hamiltonian from the substitution p → p − A(t)/c leading to the terms 1/2(p − A(t)/c)
Besides the fact that the physical properties of the system over time can then be derived from the time-dependent density, it is obvious that this approach also generates a Hamiltonian at each time step. If the system is driven by a periodic external field or finds itself in 14 an otherwise periodically oscillating state, such as phonon modes, this Hamiltonian fulfills the Floquet condition of periodicity and can be used directly in Eqs. (2) . Hence, Floquet analysis provides an approach of processing real-time propagation results from TDDFT to obtain spectral information that is richer than the instantaneous Kohn-Sham eigenvalues.
In practice, the Floquet-TDDFT requires storing the time-dependent Hamiltonian, not just its instantaneous eigenvalues, during one cycle of periodicity so it can be used in the time integral of equation (2). This would require an unfeasible amount of storage for most systems in a real-space or wavevector basis. Instead, it is sufficient to save either the timedependent density or the implicitly time-dependent potentials V xc and V H . It is also worth noting, that since the evolution of the system is smooth, the time integrals in equation (2) can be evaluated with a coarse time sampling of the Hamiltonian. Furthermore, the Floquet condition of periodicity does not have to be fulfilled a priori but one can perform the Floquet analysis over any time interval corresponding to the cycle of periodicity and determine the Floquet limit as a convergence of the Floquet bands with propagation time.
We note that in the Floquet-TDDFT results, we always observe a small shift of the energies of maximum 20meV for large amplitudes, that we assign to numerical inaccuracies.
This shift does not change the character of the Weyl semimetal phase, because it just corresponds to the case of a doped Weyl semimetal, and therefore we have compensated it in the all the figures.
The fully ab initio nature of Floquet-TDDFT means that it requires no fitting reference.
Instead, it might indeed be used as a reference itself for simplified qualitative tight-binding models that reduce the observed effect to its essential ingredients. For example one might think of using such an approach to refine the illustrative model we use in Eq. (1). While this can be useful in some case one, however looses the quantitative accuracy that TDDFT provides and in this case leads to quantitatively wrong dynamics of the Weyl points.
C. Computational details
We carry out DFT and TDDFT calculations as implemented in the OCTOPUS code 
